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Abstract. We investigate the index sets associated with the degree structures of computable
sets under the parameterized reducibilities introduced by the authors. We solve a question
of Peter Cholak and the first author by proving the fundamental index sets associated with
a computable set A, {e : We ≤uq A} for q ∈ {m, T } are 40 complete. We also show that
F P T (≤nq ), that is {e : We computable and ≡nq ∅}, is 40 complete. We also look at computable presentability of these classes.

1. Introduction
The framework of parameterized computational complexity theory allows one to
investigate how different aspects or different parts of the input to a problem may
contribute differentially to overall problem complexity. For example, both of the
well-known graph problems Vertex Cover and Dominating Set take as input a
graph G and a positive integer k. Vertex Cover can be solved in time O(f (k)nc )
where c is a constant independent of k, and n is the number of vertices of G, a
complexity behavior termed fixed-parameter tractability in the theory. (For Vertex Cover we may take f (k) = (4/3)k and c = 1 [BFV95].) The best that is
known about Dominating Set is essentially that it can be solved by brute force
(trying all k-subsets) in time (nk+1 ).
Abstracting from these examples, the basic setting will be parameterized
languages which are subsets L of ∗ × ∗ . The second coordinate is called
the parameter. For our purposes, we will consider the parameter to be an element
of N. The basic questions one considers is a problem of the form below.
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Input: x, k .
Parameter: k.
Question: Is x, k ∈ L?
Intuitively, we are saying that L is “fixed parameter tractable” (formal definitions below) if it is “tractable by the slice.” That is, there is a constant c independent
of k such that, for a fixed k the basic question above is solvable in time O(| x, k |n ).
The resulting problem classification is more or less orthogonal to classical complexity. For instance, the above examples of Vertex Cover and Dominating
Set are examples of two problems whose classical complexity is identical, and the
corresponding parametric complexity is apparently quite different.
We remark that a parameter may also be some aggregate of information. For
example, if for the above two problems the parameter describes not only the size
of the vertex set, but also the treewidth of G, then both problems are fixed-parameter tractable. The theory provides a sensitive classification tool which allows
us to understand the manner by which a problem becomes intractable. Furthermore, like average case behaviour, in many cases there turn out to be standard
techniques such as Courcelle’s Theorem [Co87, Co90] which allow one to salvage some degree of tractability from a problem which is classically intractable.
The theory has been shown to address many natural problems in diverse areas of
computer science, and it can be regarded as one of the principal “applied” complexity theories [BDFW95, BDFHW95, BF95, BFH94, CCDF94, CW95, DEF93, DF92,
DF95a, DFHKW94, FK93].
While the concrete complexity theory is quite well developed, as can be seen
from the compendiums in [DF95a] and [DF99], our understanding of the underlying metatheory of the basic reductions is still fairly primitive. For instance, it is
unknown if there is an analogue of the basic Ladner result that the polynomial time
degrees of computable sets form a dense upper semilattice. The goal of the present
paper is to contribute to our understanding of the structure of computable sets under
parameterized polynomial time reductions.
A striking feature of the concrete reductions is their complexity. The seem, on
the surface, much more difficult to construct than the analogous classical polynomial time reductions. Furthermore, in the two earlier investigations [DF93] and
[CD94], it is noteworthy that the principal tool used for the analysis of the structure
of computable sets under parametric reductions was the priority method. This is
well contrasted with studies into the classical structure of computable sets under
either Karp or Cook reducibilities which often work by injury free simple delayed
diagonalization. Some insight into why this complexity comes about can be gleaned
from an analysis of the basic definitions.
Definition 1.1 (the fundamental definitions, [DF92,DF93,DF95a,DF99]). Let A
be a parameterized problem.
(i) We say that A is uniformly fixed parameter tractable if there is an algorithm ,
a constant c, and an arbitrary function f : N → N such that
(a) the running time of ( x, k ) is at most f (k)|x|c , and
(b) x, k ∈ A iff ( x, k ) = 1.
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(ii) We say that A is strongly uniformly fixed parameter tractable if A is uniformly
fixed parameter tractable via some , f such that f is computable.
(iii) We say that A is nonuniformly fixed parameter tractable if there is a constant
c, a function f : N → N, and a collection of procedures {k : k ∈ N} such that
for each k ∈ N, the running time of k ( x, k ) is at most f (k)|x|c and x, k ∈ A
iff k ( x, k ) = 1.
The reader should realize that the definitions above reflect three possible interpretations to the level of uniformity by which one can compute A by the slice.
Natural examples of, for instance, graph theoretical problems of types (ii) and (iii)
come from applications of the Graph Minor Theorem, so the various levels of
uniformity arize naturally and therefore are more than mere academic exercises.
Reductions allow us to partially order languages in terms of their computational
complexity. Two languages L and L are taken to have the same complexity from
the point of view of the given reduction iff they are in the same degree, that is
there is a reduction from L to L and vice versa. We will need to create reductions
which express the fact that two languages have the same parameterized complexity. What is needed are reductions that ensure that if L is computable in time
f (k)nn , “by the slice” then there is a parameterized algorithm for L running in time

g(k)nc “by the slice.” After a moment’s thought, we realize that we can achieve
such reductions only if we allow each slice of L to reduce to a finite number of
slices of L . The easiest way to make such a reduction is to reduce, in parameterized polynomial time, the k-th slice of L to the k  -th slice of L . This leads us
to the working definition, Definition 1.2 below, of a parameterized reduction for
combinatorial reductions.
Definition 1.2 (basic working definition). We say that L reduces to L by a standard
parameterized m-reduction if there are functions k → k  and k → k  from N to N,
and a function x, k → x  from ∗ × N to ∗ , such that
x, k → x  is computable in time k  |x|n , and
x, k ∈ L iff x  , k  ∈ L .
We remark that the basic working definition is used in all known concrete reductions. This is primarily because naturally occurring parametric languages usually
(always?) have the property that for all k, the k-th slice corresponds to a trivial
instance of the k + 1-st slice. For instance, for Dominating Set, a graph G has
a size k dominating set, iff G+ has a size k + 1 dominating set where G+ is the
result of adding a single new unattached vertex to G. One could also develop the
theory with only such self encoded, or smooth languages considered, and then we
could well only use the basic working definition. However, it seems more natural
to consider general parametric languages.
Thus, while the working definition is fine for most concrete reductions, for our
metatheory, we will need to be more precise. Associated with the three flavours
of uniformity of Definition 1.1, there are three reductions, of differing levels of
uniformity.
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Definition 1.3 (uniform fixed parameter reducibility). Let A, B be parameterized problems. We say that A is uniformly fixed parameter-reducible to B if there
is an oracle procedure , a constant α, and an arbitrary function f : N → N such
that
(a) the running time of (B; x, k ) is at most f (k)|x|α ,
(b) on input x, k ,  only asks oracle questions of B (f (k)) where
B (f (k)) =



Bj = { x, j : j ≤ f (k)& x, j ∈ B}, and

j ≤f (k)

(c) (B) = A.
If A is uniformly fixed parameter reducible to B we write A ≤uT B. Where
appropriate we may say that A ≤uT B via f . If the reduction is many:1 (an
m-reduction), we will write A ≤um B.
Definition 1.4 (strongly uniform reducibility). Let A, B be parameterized problems. We say that A is strongly uniformly fixed parameter-reducible to B if A ≤uT B
via f where f is computable. We write A ≤sT B in this case.
Definition 1.5 (nonuniform reducibility). Let A, B be parameterized problems.
We say that A is nonuniformly fixed parameter-reducible to B there is a constant
α, a function f : N → N, and a collection of procedures {k : k ∈ N} such that,
for each k ∈ N, k (B (f (k)) ) = Ak and the running time of k is at most f (k)|x|α .
Here we write A ≤nT B.
Note that the above are good definitions since whenever A ≤ B with ≤ any
of the reducibilities, if B is fixed parameter tractable so too is A. Note also that
the above definitions allow us to specify the notions of fixed parameter tractability we had before. Nonuniformly fixed parameter tractability corresponds to being
≤nT ∅. We will henceforth write F P T (≤) as the class of computable sets, fixed
parameter tractable corresponding to the reducibility ≤. And we will denote the
uppersemilattice (USL) of ≤ degrees of computable sets by R(≤).
If A ≤ B via a standard reduction in the sense of Definition 1.2 then A ≤um B.
In [DF93], the authors first studied the structure of R(≤) for the various ≤. For
instance, for the class R(≤sq ) for q ∈ {m, T }, it is shown that the USL is dense,
and is not a lattice. In [CD94], for the m-degree case, Cholak and Downey prove
certain undecidability results. Naturally, associated with a computable language L
there are index sets such as {e : We ≤ A}. In the classical setting of Karp and
Cook reducibilities, an index set such as this is 20 -complete if A ∈ P . Cholak and
Downey observed that the index sets in tha parametric setting seem more complex.
Theorem 1.1 (Cholak and Downey [CD94]). Let A be a computable set. Then for
q ∈ {m, T },
(i) {e : We ≤sq A} is a 30 set.
(ii) {e : We ≤uq A} is a 40 set.
(iii) {e : We computable and We ≤nq A} is a 40 set.
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Proof. We prove (ii) and (iii). The others are left to the reader. By the definition,
for (ii), we see that
W ≤uq A iff ∃e, c∀k∃u∀z(e (A(u) ; z, k ) = W ( z, k ) in time u|z|c ).
For (iii), we see that We ≤nq A iff We computable and
∃c∀k∃e, u∀z(e (A(u) ; z, k ) = We ( z, k in time u|z|c ).
These are clearly

0
4.

✷

We will delay a general discussion of the nonuniform reducibilities to a later paper, and here concentrate mainly upon on ≤sq and ≤uq . In the present paper, for these
reducibilities, we will prove that the index sets of Theorem 1.1 are always more
complex than the analogous classical ones. Indeed they are as always as complex
as they can be.
Theorem 1.2. Suppose that A is computable. Let q ∈ {m, T }. Then the index sets
(i) {e : We ≤sq A} and {e : We ≡sq A} are 30 complete.
(ii) {e : We ≤uq A}, {e : We ≡uq A} and F P T (≤nq ) (that is {e : We computable and
≡nq ∅}) are 40 complete.
As we will see, Theorem 1.2 has certain ramifications concerning the effective
presentability of the computable languages reducibly to, for instance, a computable
language A. See Corollary 2.10 and Corollary 2.11.
The relevance of theorem 1.2 is the following. In any normal construction analysing a degree structure, one must usually perform some diagonalization or the
like, usually against potential reductions provided by the “opponent”. In a classical
argument, the index set is 20 , and hence the recognition of such potential reductions is relatively simple. Indeed, Hartmanis [Ha89] demonstrated how to use the
simplicity of these index sets to obtain a number of classical structural results.
Our results show that in the parametric setting the arguments should be at least
as complex as those used for strong reducibilities (such as weak truth table reducibility) on the computably enumerable sets for the reducibility ≤sq , and says that
for the other parametric reducibilities, the arguments should have the same order
of complexity as those used for the computable enumerable sets under classical
Turing reducibility. Therefore it is natural, and probably necesary, that the principal tool should be the finite injury priority method, (in the case of strong uniform
parametric reducibility) and the infinite injury method for the non-strongly uniform
cases.
The next section is devoted to the proof of Theorem 1.2. The notations and
terminology is drawn from Soare [So87], and Balcazaar et al. [BDG]. We use the
expressions “computable” in place of “recursive” and similarly “computable enumerable” (“c.e.”) in place of “recursively enumerable”(“r.e.”), in line with recent
changes in the subject. We shall assume that the reader is familiar with the basics
of computability theory and with tree of strategies priority arguments. Thus, for
instance, {ϕe : e ∈ N} denotes the e-th unary partial computable function. We will
differ from Soare’s notation by using ≤L denote lexicographic ordering.
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2. Proof of Theorem 1.2
We begin with (i). We prove that {e : We ≤sT A} is 30 complete, the remainder of
(i) being left to the reader. For ease of notation we shall first prove that F P T (≤sT )
is 30 complete. We will then point out the easy modifications to obtain the result
for A computable. Thus let B be a 30 set. By definition, there is a computable
relation Q such that for all e
e ∈ B iff ∃x∀y∃zQ(x, y, z, e).
We will build a collection C of sets Ve = Wf (e) whose indices are given by the
s-m-n theorem, such that we meet the requirements
Re : Ve ≤sT ∅ iff e ∈ B.
Actually the fundamental strategy is to try to ensure that Ve ≤sT ∅, and only f ail
to achieve this goal if e ∈ B.
Now, Ve ≤sT ∅ means that there should be some reduction triple consisting of
a reduction (m ), a total computable function ϕm and a positive integer n, such
that for all w, k m (∅; w, k ) = Ve ( w, k ), and the running time of the computation is bounded by ϕ(k)|w|n . Hence, provided that e ∈ B, we will meet all the
“subrequirements” below.
R e,m,n : If e ∈ B then
either ϕm is not total, or
for some k, w, m (∅; w, k ) = Ve ( w, k ),or
m (∅; w, k ) does not run in time ≤ ϕm (k)|w|n .
We will suppose that each requirement occurs infinitely often. It is easiest to
conceive of the construction as follows. For each potential “witness” x to the outer existential quantifier used to show that e ∈ B, we will have a Control Device
C(x). The idea of the control device is that it tells us when to attempt to meet the
subrequirements.
The fundamental plan is to pursue an elaboration of the strategy of Theorem
2.5 of Downey and Fellows [DF93]1 . For the present situation, our strategy is the
following:
We build Ve in stages. At stage s we decide the fate of 1s , k for all k ∈ N.
(If k > s then 1s , k ∈ Ve by fiat.) In Downey and Fellows [DF93], we devoted
the j -th slice of V = Ve to meeting Rj where j will be some e, m, n . In the
present paper, this assignment will be replaced by a more flexible arrangement
where slice(j, s) denotes the current slice devoted to satisfying Rj . Modulo the
control device (to be described) (so that we can attack the requitement freely at
each stage), at stage s, the construction of Ve runs as follows:
For each e, m, n ≤ s, if Re,m,n is not yet declared satisfied, compute s steps in
the computation of ϕm (slice( e, m, n , s)). (Call this ϕm,s (slice( e, m, n , s)).) If
ϕm,s (slice( e, m, n , s)) ↑ do nothing for e, m, n at this stage. If ϕm,s (slice( e,
m, n , s)) ↓ declare Re,m,n as satisfied and perform the following diagonalization
1
This theorem was that (i) F P T (≤uT ) ⊂ F P T (≤nT ) even for computable sets, and (ii)
F P T (≤sT ) ⊂ F P T (≤uT ).
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for e, m, n . Run m (∅; 1s , slice( e, m, n , s) ) for ϕm (slice( e, m, n , s))s n
many steps. If this does not halt in this many steps we need do nothing since the running time is wrong. If m (∅; 1s , slice( e, m, n , s) ) ↓ in ϕm (slice( e, i, n , s))s n
or fewer steps set
Ve ( 1s , slice( e, i, n , s) ) = 1 − m (∅; 1s , slice( e, m, n , s) ).
The enumeration of B controls the above in the following way. We say that x
is s-conf irmed (for e) at stage t if
∀y ≤ s∃z ≤ tQ(e, x, y, z).
We say that C(x) asserts control of R e,m,n at stage t if
(i) x is s-confirmed at stage t,
(ii) x was not s confirmed at stage t − 1, and
(ii) x < e, m, n < s.
We remark that the idea here is that if the x is a least correct witness to e being
in B then the inner 02 part of the definition of B (namely ∀y∃zQ(x, y, z, e) will
“appear correct” (i.e. be confirmed) infinitely often). The principle idea is that such
confirmation will allow us to move the slices we are dynamically assigning to the
satisfaction of the requirements into higher slices. If e is really in B then, for all
but a finite number of rows, we will see that we will kick all of the witness rows
to infinity. On the other hand, if e ∈ B then eventually each slice, for example,
slice(j, s), comes to a resting place, and this is where we will get to meet Rj .
More formally, we have the following.
The full construction: incorporation of x-control. Now we will modify the construction to incorporate C(x). At each stage t for each x, e ≤ t, we first see if
x is s confirmed for e for some s ≤ t. If this is the case, we say that C(x) asserts control of various R e,m,n . In particular, for each such e, m, n , we will reset
slice( e, m, n , t + 1) to be large and fresh. Specifically, for all m , n ≥ m, n ,
set slice( e, m , n , t +1) = slice( e, m , n , t)+t +1. Also we initialize Re,m ,n .
End of construction
Now the point of all the above is the following. One can easily establish by
induction that
(i) e ∈ B implies that for all but finitely many m, n, R e,m,n is initialized infinitely
often and hence slice( e, m, n , s) → ∞.
(ii) e ∈ B implies that for all m, n, lims slice( e, m, n , s) exists.
To see that (i) holds, if e ∈ B there is some x with ∀y∃zQ(e, x, y, z). Now
such an x will be confirmed for e infinitely often. Hence it will assert control of
any R e,m,n for m, n > x infintely often, driving slice( e, m, n , s) to ∞. On
the other hand, if e ∈ B, then for each x, there is some y such that for all z, it is
never the case that Q(e, x, y, z). It follows that x will only be confirmed for e until
it gets stuck on y. Thereafter, it can no longer initialize any R e,m,n . Since there
are only j numbers x < j and only x < m, n can initialize R e,m,n , it follows
that there is a stage tm,n such that for all t ≥ tm,n , R e,m,n is not initialized at stage
t. Since slice( e, m, n , t) is only reset when R e,m,n is initialized, it follows that
slice( e, m, n , t) comes to a limit.
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Finally we see that we meet all the requirements. If e ∈ B then a simple
induction shows that, for j = e, m, n , we will meet Rj in row slice(j ) =
lims slice(j, s).
If e ∈ B then we argue as follows. Let x be least such that C(x) asserts control
of some R e,m,n infinitely often. Let s0 be a stage such that for all t > s0 , for all
y < x, C(y) does not assert control of R e,m,n at stage t. Thus for all y, d < x
for all slice( e, y, d , s0 ) = slice( e, y, d ). For all j we know that Rj acts on
row z at most once. Let s1 > s0 be a stage such that for all m , n < x, and for all
t > s1 , Re,m ,n does not act at stage t. Then we know that for all j < slice(x − 1),
and all p,
Ve,s ( p, j ) = Ve ( p, j ).
(Indeed we remark that for all p with |p| > s1 , Ve (p) = 0.) We now give a
F P T (≤sT ) decision procedure for determining if u = v, k ∈ Ve .
If k < slice(x − 1) go to stage s1 and see if u ∈ Ve . If k ≥ slice(x − 1) + 1 go
to the stage s = s(k) > s1 where C(x) has asserted control of e k times. Then for
all t > s, for all m, n ≥ x, slice( e, m, n , t) > k. Hence for all t > s and for all
e, m, n , slice( e, m, n , t) = k. It follows that u ∈ Ve iff u ∈ Ve,s . Notice that
the computation of the stage s(k) depends on k alone, and hence the procedure is
independent of v. This is why the procedure is F P T in constant time by the slice.
This concludes our proof that F P T (≤sT ) is 30 complete.
To modify the construction for the more general case proving that {e : We ≤sT
A} is also 30 complete, the control device is the same but we must modify the diagonalization. Basically, one replaces the oracle ∅ by A(ϕm,s (slice( e,m,n ,s))) . Since A
is computable, the construction either make Ve in F P T (≤sT ), or produce a language
✷
Ve ≤sT A.
(ii) The other result we will prove is that {e : We ≤uT A} is 40 complete. The
remaining completeness results are totally analogous and are left to the reader, although we will indicate how to adapt the technique for the nonuniform case at the
end of the proof.
Again we first take A = ∅. This proof is considerably more complex than the
previous one and we need to take some care. Actually, this will need the infinite
injury method, and uses a priority tree. We use the following representation theorem
for 40 sets:
Lemma 2.1 (Yates [Ya69]). The index set Comp = {e : ∅ ≤T We } of complete
computably enumerable sets, is 40 complete
For a proof of Lemma 2.1 see Soare [So87], XII §2. In the construction to follow, we will need to approximate Comp as our control device. Thus, we will need
to discover which We are T -complete. To do this we will need to guess the index
of a procedure i with i (We ) = K, with K = ∅ . To this end, let
4(e, i, s) = max{x : ∀y < x(i (We,s ; y) = Ks (y))}.
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Now 4(e, i, s) can exhibit the following behaviour: We can have lim sups 4(e, i, s) =
∞, or we can have lim sups 4(e, i, s) = ∞. The latter can either mean that
lim inf 4(e, i, s) = ∞ (so that i (We ) = K), or that for some x, lim inf 4(e, i, s) =
x, and hence i (We ; x) ↑ . Here we will use the so-called “hat” convention: We assume that if for a computably enumerable set M and procedure i if i,s (Ms ; z) ↓,
but z ≤ u(i,s (Ms ; z)) enters Ms+1 − Ms , then i,s (Ms+1 ; z) ↑ . The hat convention ensures that if i (M; z) ↑ then ∃∞ s(i,s (Ms ; z ) ↑) for all z ≥ z. The
trick is due to Lachlan. (See Soare [So87], Ch. VIII.) On the priority tree we will
need to guess if 4(e, i, s) → ∞. This will be measured at nodes τ , which we refer
to as top nodes. Such τ nodes have outcomes (i, ∞) and (i, f ) as in the standard
and very well known priority tree proof (e.g Soare [So87] Ch XIV) Lachlan-Yates
minimal pair theorem. The trouble is that we also need to differentiate between
infinite and finite liminf behaviour. This is very difficult to achieve at a single node,
and in fact we will decompose the behaviour into infinitely many guesses for the
liminf below the (i, ∞) outcome of the τ node. At such a node trying to figure
out such behaviour, which we refer to as a σ node, we will be considering e, i, x.
We will have two outcomes (i, x, ∞) and (i, x, u), with (i, x, u) to the left of of
(i, x, ∞). Thus we have the priority tree given in Fig. 1.
The outcome (i, x, ∞) is meant to represent the fact that ∃s∀t ≥ s(4(e, i, s) >
x), whereas the outcome (i, x, u) represents the fact that infinitely often (i, x, ∞)
looks correct, and yet later 4(e, i, s) ≤ x. (The “u” means “unbounded” here.)
Thus this is the outcome that lim sup 4(e, i, s) → ∞, and yet (if x is least),
lim inf 4(e, i, s) = x.
In the same way we used C to control the strategies above, here we will use
the priority tree (P T ) to control our strategies. Note that we will build one version

Fig. 1. The priority tree for Theorem 1.2
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of P T for each e below. (The formal definition can be found in Definition 2.1,
following some further motivational comments.)
Before we explain exactly how this control is achieved, let us turn to the actual
requirements we will meet. For each e we will again build an auxiliary computable
set Ve to try to meet the requirements below.
Re :

Ve ∈ F P T (≤m
u ) iff e ∈ Comp.

Since the Ve are all built separately, we will drop the “e” when the context
is clear. Actually, as with the previous construction we will meet the following
requirements.
R:

R e,m,n :

Either e ∈ Comp and V ∈ F P T via some witness i
(Here, of course, by witness i we mean that i (We ) = K.)
or ∀m, nR e,m,n , where
Either there exists an m , n such that
lims ϕm ( e, m , n , s) =def ϕm (e, m , n ) fails to exist, or
there exist p, w, with
m (∅, p, w ) = V ( p, w ), or
it does not run in time ≤ ϕm (w)|p|n .

Notice that in the above, we have made the replacement of the unary partial
computable function ϕm (·) by a binary partial computable function ϕm (·, ·) since
in the uniform case we will need to guess the use and constant which will filter
through the limit lemma. In fact we will assume that such ϕm are monotone in both
variables. Again, we are using the requirements of Theorem 2.5 of [DF93] (ii) in
modified form. We attempt to meet the R e,m,n as we did there, but again modulo
the external control this time driven by the Priority Tree. The basic strategy used
to meet the R e,m,n is the following.
At each stage s, if R e,m,n is not as yet declared satisfied and e, m, n ≤ s find
the least unused p ≤ s,if any, such that p = ϕm,s ( e, m, n , t) ↓ for some t ≤ s.
If either ϕm,s ( e, m, n , t) ↑ for all t ≤ s or there is no unused p do nothing. If
p, and hence t, exist declare p as used. Now compute ps n steps in the computation of m (∅; 1s , e, m, n ). If this computation does not halt, do nothing else. If
m (∅; 1s , e, m, n ) halts in ≤ ps n steps, win by setting
Ve ( 1s , e, m, n ) = 1 − m (∅; 1s , e, m, n ).
Now again we will need to modify the above so that a version Rσ of R e,m,n
and guessing σ will work on a slice slice(σ, s) instead of a fixed slice e, m, n .
Again we will need to argue that if there is no witness i to e ∈ Comp and hence
e ∈ Comp, then for all σ on T P , lims slice(σ, s) = slice(σ ) exists. Additionally,
if e ∈ Comp, we will need to argue that for all e, m, n there is some σ ⊂ T P
devoted to solving R e,m,n . This is done as follows.
Definition 2.1 (the priority tree and attachments).
Step 1. We formally define the priority tree and the attachments as follows. If α is
on P T then α is of the form ν(i, x, ∞), ν(i, x, u), λ, ν(i, f ), or ν(i, ∞). If
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α is of the form λ, ν(i, f ), or ν(i, x, u) we say that α is a τ node. If α is of the
form ν(i, x, ∞) or ν(i, ∞), we say that α is a σ node. Now we construct P T by
induction on the length of nodes.
Case 1. If the node is a τ node then it will form the “top” of an i tree. Let i(τ ) be
the least i not yet assigned to any τ  ⊂ τ and assign i(τ ) to τ . (Hence i(τ ) = i − 1
in all cases except τ = λ.) The outcomes of τ will be (i(τ ), ∞) and (i(τ ), f ) with
(i(τ ), ∞) <L (i(τ ), f ). Put τO on P T for the outcomes O of τ .
Case 2. If the node is a σ node so that it will be devoted to some x for some i, find
the longest τ node ⊆ σ and define i(σ ) = i(τ ) and τ (σ ) = τ . (τ is called σ ’s top.
Note that i(σ ) = i in all cases above.) It will be the case that τ∞ ⊆ σ . For all γ
with τ∞ ⊆ γ ⊂ σ we will have γ (i, x  , ∞) ⊆ σ . Let
x(σ ) = max{0, x  + 1 : τ∞ ⊆ γ(i, x  , ∞) ⊆ σ }.
(In all the specifying cases above it will be the case that x = max{0, x  + 1}.) Let
σ have outcomes (i, x, u) <L (i, x, ∞). Put σO on P T for each outcome O of
σ.
Step 2. Now assign by induction on e, m, n versions of R e,m,n to nodes of the
form γ = σ(i, x, u) and γ = τf on P T . Do this in the obvious way. For each
such node γ find the least e, m, n not attached to any node µ ⊂ γ , and attach
R e,m,n to γ .
As with many tree arguments, we will need the notion of an α-stage.
Definition 2.2. (a) We define the notions α-stage, m4(α, s), and α-expansionary
by induction on |α|.
(i) Every stage s is a λ-stage.
(ii) Case 1. Suppose that s is a β-stage with β a top node devoted to solving the
problem of whether 4(β, s) = 4(i(β), s) → ∞. Define
m4(β, s) = max{0, 4(β, t) : t is a β-stage < s}.
We say that s is β-expansionary if 4(β, s) > m4(β, s) and declare s to be a β∞stage.
If 4(β, s) ≤ m4(β, s), declare that s is a βf -stage.
Case 2. Suppose that β is a σ node devoted to (i, x). If there has been a previous
β-stage t let s  denote the largest β-stage ≤ s. If 4(τ (β), s  ) > x and there has been
a stage m with s  < m < s with 4(τ (β), m) ≤ x, declare s to be a β(i, x, u)-stage.
In any other case, declare s to be a β(i, x, ∞)-stage.
(b) We define T Ps , the apparent true path at stage s, to be the unique α of length s
with s an α-stage.
Definition 2.3. Suppose that Rα is a version of R e,m,n attached to α. We say that
Rα requires attention at stage s if s is an α-stage, Rα is not yet declared satisfied,
and there is some least unused p ≤ s such that p = ϕm,s (slice(α, s), t) ↓ for some
t ≤ s.
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The construction. Having gone to all the effort above, the construction actually
becomes rather easy.
Stage 0. Define slice(α, 0) = α (that is, the Gödel number of α in some lexicographic order of the strings) for all α on P T with Rq attached.
Stage s+1. Compute T Ps+1 . For each γ with γ ≤L T Ps+1 , initialize γ and in
particular reset slice(γ , s) to be new and large. (> s). For each α ⊆ T Ps+1 , if Rα
requires attention via p, declare p as used. Now compute ps n steps in the computation of m (∅; 1s , slice(α, s) ). If this does not halt do nothing, do nothing else.
If m (∅; 1s , slice(α, s) ) halts in ≤ ps n steps, win by setting
V ( 1s , slice(α, s) ) = 1 − m (∅; 1s , slice(α, s) ),
and declare Rα as satisfied.
End of construction.
The verification is straightforward modulo all the definitions etc.
Lemma 2.2. Suppose that R e,m,n is attached to some node γ . Then for some τ
and i, γ is of the form τ(i, f ) or of the form τ(i, k, u) (for some k).
Proof. This is immediate by the way we attach requirements in Definition 2.1. ✷
Let T P be the true path. (That is the leftmost path visited infinitely often.)
Notice that the construction ensures that Rα only can receive attention at α-stages.
(See Definition 2.3.) The initialization of γ right of T Ps means that the following
is easily seen by induction:
Lemma 2.3. (i) If T P <L γ then slice(γ , s) → ∞.
(ii) If γ <L T P and γ ⊂ T P then γ is visited only finitely often, and hence there
is some stage s0 beyond which Rα will never receive attention.
(iii) If T P <L γ then lims slice(γ , s) = slice(γ ) exists.
Proof. For (i), note that at stage s + 1 after we compute T Ps+1 we initialize all
γ ≤L T Ps+1 and in particular reset slice(γ , s + 1) to be bigger than s. Now if
T P <L γ , then for infinitely many s, γ ≤L T Ps . Hence slice(γ , s) is initialized
infinitely many times and (i) follows.
(ii) follows by the definition of the T P as the leftmost path visited infinitely often and the fact that Rα can only recieve attention at an α-stage, i.e. where
α ⊆ T Ps .
For (iii), note that the only time that slice(γ , s) is reset is at a stage s where
γ ≤ T Ps . If T P <L γ , then either γ ≤L T P , yet γ ⊆ T P , or γ ⊂ T P . In either
case, there are only finitely many stages s where γ ≤L T Ps , by definition of T Ps ,
and T P .
✷
Lemma 2.4. Suppose that for each j < i, j is not a witness for “e ∈ Comp”.
Then for each j < i, there is a τ and a σ such that either
(i) τ(j, ∞)σ(j, k, u) ⊂ T P , for some k ∈ ω, or
(ii) τ(j, f ) ⊂ T P .
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Proof. We prove this by induction on i and j . So fix i > 0 and suppose the claim
for each j  < j . Hence for some γ we have τ = γ(j − 1, k  , u) ⊂ T P (for some
k  ), or τ = γ(j − 1, f ) ⊂ T P . By the construction of the priority tree, there
are no nodes µ below τ on the priority tree with i(µ) = j  for any j  ≤ j − 1.
Also by the priority tree construction, we see i(τ ) = j. By definition of T Ps , since
τ ⊂ T P , after some stage s0 , τ ≤L T Ps for s ≥ s0 , and there are infinitely many
τ -stages.
Now either τ(j, f ) ⊂ T P , or τ(j, ∞) ⊂ T P . In the former case, we
are done. In the latter, we know that there are infinitely many τ -expansionary
stages. However, we also know that j is not a witness for “e ∈ Comp.” Hence
liminfs 4(e, j, s) = k for some k.
Then we see that we will infinitely often invoke Case 2 of Definition 2.3 with
x = k at τ(j, ∞)-stages, since infinitely often between τ -expansionary stages,
the length of agreement will drop to k. Since this cannot happen for k  < k, lest liminfs 4(e, j, s) < k, it follows that τ(j, ∞)(j, 0, ∞)...(j, k−1, ∞)(j, k, u)
⊂ T P , giving the result.
✷
Lemma 2.5. Suppose that e ∈ Comp.
(i) Then for all i ∈ ω, there is a node τ ⊂ T P with i(τ ) = i, and such that either
τ(i, f ) ⊂ T P , or there is a σ, k such that τ(i, ∞)σ(i, k, u) ⊂ T P .
(ii) For each m, n there is a node γ ⊂ T P with R e,m,n attached to γ . That is Rγ
is R e,m,n .
(iii) All the R e,m,n have versions Rγ ⊂ T P , and are met.
(iv) Ve ∈ F P T .
Proof. (i) Follows by Lemma 2.4, since no i can witness “e ∈ Comp”.
In Definition 2.1, Step 2, we attach R e,m,n in order down paths, to nodes of the
form σ(i, f ) or σ(i, k, u). By (i) there are infinitely many such nodes on the true
path, and hence all such R e,m,n become attached to some node on T P . Thus we
get (ii).
For (iii), let Rσ be the version of R e,m,n on T P . Then by definition of T Ps , there
are infinitely many σ -stages. At every such σ -stage, R e,m,n can possibly receive
attention. Now we can argue as in the basic module.
Since α ⊂ T P , by Lemma 2.3, slice(α, s) has a limit, say slice(α). If Rα
receives attention infinitely often, then it can only be that p(s) = ϕm,s (slice(α), t)
assumes infinitely many values. (Only unused values p(s) can trigger receipt
of attention, and they can only be used once. See Definition 2.3.) This means
ϕm (slice(α), t) has no limit.
Otherwise, Rα receives attention only finitely often. As a consequence, either
Rα is satisfied by diagonalization, since in the construction we set
V ( 1s , slice(α, s) ) = 1 − m (∅; 1s , slice(α, s) ),
or each time Rα receives attention, the relevant computation does not halt in the
requisite number of steps.
Now we see that (iv) follows since we meet all the R e,m,n somewhere on the
T P , and hence there is no witness to V ∈ F P T .
✷
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Lemma 2.6. Suppose that e ∈ Comp. Let i be least such that i (We ) = K. Let
τ + ⊂ T P , with τ = τ +(i − 1, f ) ⊂ T P , or τ = τ +(i − 1, k, u) ⊂ T P . (Here
we are using Lemma 2.4.) Then
(i) τ(i, ∞) ⊂ T P , and for all x ∈ ω,
(ii) τ∞(i, 0, ∞)...(i, x, ∞) ⊂ T P .
Proof. (i) is immediate, since there are infinitely many τ -expansionary stages.
For (ii), let s0 be a stage such that for all s > s0 , τ + ≤s T Ps . Let s1 > s0
be a τ expansionary stage where 4(τ, s1 ) > x via correct computations. That is
i,s1 (We,s1 ; x  ) = Ks1 (x  ) for all x  ≤ x via the final computations. The 4(τ, s)
can never drop below x again, and hence if s2 is the τ(i, ∞) stage after s1 , we
see that for all stages t > s2 , τ∞(i, 0, ∞)...(i, x, ∞) ≤s T Ps . Furthermore,
every τ(i, ∞)-stage, will also be a τ∞(i, 0, ∞)...(i, x, ∞)-stage, and hence
τ∞(i, 0, ∞)...(i, x, ∞) ⊂ T P as required.
✷
Lemma 2.7. Suppose that e ∈ Comp. Let i be least such that i (We ) = K. Let τ
be as in Lemma 2.6. Let σ ≤L τ. The either σ has no R e,m,n attached (because it
is of the wrong type), or slice(σ, s) → ∞, or σ extends τ but is strictly left of T P
and extends τ∞(i, 0, ∞)...(i, x − 1, ∞)(i, x, u) for some x.
Proof. Since initialization occurs at σ whenever σ ≤L T Ps , resetting slice(σ, s)
larger, the lemma follows for any node σ with T P <L σ . By Lemma 2.6, if
τ ⊂ σ ⊂ T P , then no R e,m,n is ever attached to σ . Thus, the only other case is
that σ is strictly left of T P , and extends τ . This can only happen if there is some
x with τ∞(i, 0, ∞)...(i, x − 1, ∞)(i, x, u) ⊆ σ , and such nodes are visited
only finitely often.
✷
Lemma 2.8. Suppose that e ∈ Comp. Then V ∈ F P T (≤uT ).
Proof. Now if e ∈ Comp then we know that there is some (least) i such that i is
the witness to the fact that e ∈ Comp. Let τ be the top node on T P with i(τ ) = i
as in Lemma 2.7. We show that V ∈ F P T (≤uT ) as follows.
Let s0 be a stage beyond which we are never left of τ(i, ∞). Since we ensure
that at most finitely many elements ever get into any slice, we can by fiat write in
all the slices associated with nodes left or above τ(i, ∞). We consider slices Vy
for y beyond such slices. Let x > y and s ≥ s0 . We know that for all nodes γ with
γ <L τ(i, 0, ∞)(i, 1, ∞)...(i, x, ∞), either γ is above or left of τ and so we
can suppose that all elements of slice(γ , s) to ever enter V have already done so
by stage s0 , or we know that slice(γ , s  ) > x > y for some s  ≥ s. The procedure
to decide if v, y ∈ V is that v, y ∈ V iff v, y ∈ V by stage t where t = t (y)
is a constant computed by a 0 -oracle.
t (y) is approximated by the limit lemma, and the computable approximation
t (y, s) is computed from T Ps . Each time we play
τ(i, ∞)(i, 0, ∞)(i, 1, ∞)...(i, x, ∞)
immediately after playing
τ(i, 0, ∞)(i, 1, ∞)...(i − 1, x, ∞)(i, x, ∞),
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or playing
τ(i, 0, ∞)(i, 1, ∞)...(i, z, u)
for any z ≤ x, (that is,
T Ps  <L τ(i, ∞)(i, 0, ∞)(i, 1, ∞)...(i, x, ∞),
so the current approximation looks wrong) we reset t (y, s) to be the the amount
of time needed to emulate the construction up to the current stage number. Because of the choice of i we know that lims (t (x), s) exists and hence we have
t (y) ≤T ∅ . Finally note that the choice of t means that the construction is respected, in the sense that we have enough time to emulate that stage of the construction, and hence the answers must be in agreement with the construction.
That is, given some v, y , if y is devoted to some Rσ right of T P , (which
can be determined from τ ), then we can simply wait for y to no longer be devoted to this, and hence any other, Rσ . The v, y ∈ V iff it has gotten in by
now. Otherwise, assuming that v, y is not associated with Rγ in the parameter
nodes γ left or above τ , we can only have v, y associated with some Rσ with
τ(i, 0, ∞)(i, 1, ∞)...(i, z, u) ⊂ σ , for some z < y. (z < y by the the monotone attachment scheme.) Now 0 can compute t (y), and note that after stage t
we are never strictly left of τ(i, ∞)(i, 0, ∞)(i, 1, ∞)...(i, x, ∞) again. Furthermore t will be a τ(i, ∞)(i, 0, ∞)(i, 1, ∞)...(i, x, ∞)-stage. It follows
that v, y ∈ V iff v, y ∈ Vt . Thus V ∈ F P T (≤uT ) with constant t given by the
limit lemma, and the constant time algorithm.
✷
This completes the proof in the case that A = ∅. To complete the proof note
that the one can replace the oracle by A and the diagonalization similarly to get the
relativized version, as in the ≤sT case. The crucial point here is that there is a most
one element per row ever put into V .
✷
We now turn to the proof of Theorem 1.2 (ii) for the nonuniform case. Thus we
will be showing that
{e : We computable and ≤nq ∅}
is also 40 complete. Actually, the proof is a mild variation of the proof above.
Thus for each e we will again build an auxiliary computable set Ve to try to
meet the requirements below.
Re : Ve ∈ F P T (≤m
u ) iff e ∈ Comp.
We modify the tasks of the the previous construction and now we will meet the
following requirements.
R : Either e ∈ Comp and V ∈ F P T via some witness i
(Here, of course, by witness i we mean that i (We ) = K.)
or ∀m, nR e,m,n , where
R e,m,n :

Either there exists an m , n such that
lims ϕm ( e, m , n , s) =def ϕm (e, m , n ) fails to exist, or
there exist p, w, with
ϕm (w) (∅, p, w ) = V ( p, w ), or
it does not run in time ≤ ϕm (w)|p|n .
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Notice that in the above, this time we have replaced the uniform procedure m
by the procedure ϕm (w) with approximation given by a binary partial computable
function ϕm (·, ·) since in the nonuniform case we will need to guess the procedure
as well as both the use and constant which all will filter through the limit lemma.
(Again, we will assume that such ϕm are monotone in both variables.)
The skeptical reader, or the one unfamiliar with [DF93, CD94], might be dubious that all this can be computed in 0 . From [DF93] we have the following.
Lemma 2.9 (Downey and Fellows [DF93]). Suppose that A ≤nT B with A and B
computable. Then there exists an c.e. function f 2 such that A ≤nT B via f in the
sense that there is a constant c such that for all k, x,
(B (f (k)) ( x, k ) = A( x, k ) in time ≤ f (k)|x|c .
.
Proof. Suppose that A and B are computable and A ≤nT B. Then there is a function
g and a constant c so that for all k, z
z, k ∈ A iff g(k) (B (g(k)) ; z, k ) = 1 and runs in time ≤ g(k)|z|c ).
Here we can take g(k) to be the same in all three places there are constants
depending upon k by maximizing and padding the index of the procedure, if necessary. We claim that 0 can compute a value that works in place of g(k) in the
above. That is for each k, 0 can compute m = m(k) satisfying the excpression
with m in place of g. The reason is that the expression in the scope of the universal
quantifier is computable and hence the whole expression is ≤T ∅ . (For the reader who has forgotten this sort of thing, we briefly remind them that for each pair
n, k we can enumerate a partial recursive function ψ n,k = φh(n,k) whose index
h(n, k) is given by the s-m-n theorem with domψ n,k equal to ω if there is some
z with z, k ∈
/ A but n (B (n) ; z, k ) = 1, or z, k ∈ A and n (B (n) ; z, k ) =
(n)
0, or n (B ; z, k ) not running in time n|z|c ; and we have ψ n,k the empty function otherwise. Now ∅ can decide if h(n, k), h(n, k) ∈ ∅ and hence
can compute the least n such that domψ n,k = ∅. For such an n we have that
Ak = n (B (n) ) in running time n|z|c .
Now it is clear that we can take such an n(k) via a function where values only
increase and hence we can take an f to perform the role of g that is c.e..
✷
The satisfaction of the new R e,m,n is similar to that of the ≤uT case, and runs
with the same the external control driven by the previous Priority Tree.
The basic strategy used to meet the R e,m,n this time is the following.
At each stage s, if R e,m,n is not as yet declared satisfied and e, m, n ≤ s
find the least unused p ≤ s,if any, such that p = ϕm,s ( e, m, n , t) ↓ for some
t ≤ s. If either ϕm,s ( e, m, n , t) ↑ for all t ≤ s or there is no unused p do nothing. If p, and hence t, exist declare p as used. Now compute ps n steps in the
2
Here by c.e. function, we mean one with a computable approximation f(x, s) given by
the limit lemma, monotone in both variables.
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computation of p (∅; 1s , e, m, n ). (Note: this is essentially the only change
here, “p ” replaces “m ”.) If this computation does not halt, do nothing else. If
p (∅; 1s , e, m, n ) halts in ≤ ps n steps, we try to win win by setting
Ve ( 1s , e, m, n ) = 1 − p (∅; 1s , e, m, n ).
The key difference here is that in the preceding construction, at this stage we would
declare R e,m,n as satisfied and end its effect on a slice. However, now the opponent
can change the index from p to some other ϕm,s  ( e, m, n , t  ) for some t  > t, and
s  > s. Because of this, the requirement has a portentially infinitary positive action.
That is because when a new index is given we might need to again enumerate some

1s , e, m, n into V . We need a little care here, since should e ∈ Comp we still
need to make sure that V ∈ F P T (≤nT ). The reason we need some care is that there
will be a finite number of rows corresponding to nodes on T P but above the top
node τ as in the previous Lemmas 2.6 and 2.7. We really only need to make sure
that they are each polynomial time for this to work.
The little modification we need is the following. When we see a new value
p(s) = ϕm,s ( e, m, n , t) we do not attend the requirement until a stage u > s
occurs where un+1 > pun . Of course such a stage must occur and we can check
that it is true, in time uc+1 .
The advantage of this is that we can decide for this row if 1d , e, m, n ∈ V
in time essentially d c+1 .
Now modulo these modifications we do the construction virtually exactly as in
the previous one. The proofs of the Lemmas are almost identical. (The astute reader
would note that we actually prove that if e ∈ Comp then V ∈ F P T (≤uT ) (rather
than simply F P T (≤nT )) still, in fact, by essentially the same proof, but using the
parameters on the finite number of infinite rows. To get the weaker V ∈ F P T (≤nT )
is even easier than the previous argument, since any language V with a finite number of slices in polynomial time, and only finitely elements in each other slice is
automatically in F P T (≤nT ).) This concludes our discussion as to how to modify
the proof in the nonuniform case.
✷
The astute reader will notice that we did not look at the index set {e : We
computable and ≤nq A}. We will leave this for a later paper, as the situation is not
clear. We finish by noting that Theorem 1.2 has certain consequences concerning
{s,u,n}
the collection of computable sets ≤q
A for a fixed A. As Ambos-Spies [AS85]
p
first explicitly observed, for any of the classical reducibilities ≤q , the languages
p
{L : L ≤q A} for a fixed A are computably presentable. Here a set of languages
C is called computably presentable iff there is a computable collection 
C of languages {Ue : e ∈ ω} such that for all L ∈ C, there is a Ui ∈ 
C such that L = Ui ,
and conversely. The Cholak-Downey Theorem, Theorem 1.1, has the following
corollary.
Corollary 2.10. The collection C = {We ≤sq A} (for A computable) is computably
presentable.
Proof. We can effectively enumerate 5-tuples e, i, c, j, k corresponding to two
computable enumerable languages We , Wi , a constant c ∈ ω, a partial computable
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function ϕj , and a partial computable procedure (here we assume q = T ), k . We
then let U te,i,c,j,k = We,s for the largest s ≤ t for which for all k ≤ s
(i) ϕs (k) ↓
(ii) for all x ≤ s, x, k ∈ We,s iff x, k ∈ Wi,s and
(iii) for all z, k ≤ s, We,s ( z, k ) = k,s (A; z, k ) ↓) with use bounded by ϕi (k)
and time bounded by ϕi (k)|z|c .
(There are many ways to do this.) The point is that either Un will be finite because something is wrong, or the 5-tuple truly gives witnesses to the computability
of We and the relevant reductions and constants reducing We to A. The collection

C = {Un : n ∈ ω} is a computable presentation of C.
✷
On the other hand, suppose that, for instance, C = {We ≤uT A} was computably
presentable, say, by 
C = {Un : n ∈ ω}. Then we know that for each e,
We ∈ C iff ∃n(Un = We ).
We look at the complexity of “Un = We ”. We note that Un = We happens iff for
all z, z ∈ Un iff z ∈ We . That is, for all z, either for all s, z ∈ We,s ∪ Un,s or there
is an s such that z ∈ We,s ∩ Un,s . That is, We ∈ 
C iff
∃n∀z∀s∃t[z ∈ We,s ∪ Un,s → z ∈ We,t ∩ Un,t ].
This last equation is

0
3.

Thus we see the following.

Corollary 2.11. The collections {e : We ≤uq A}, {e : We ≡uq A} {e : We computable and ≤nq ∅} are are not computably presentable.
Proof. If they were computably presentable, the index set would have a
tion, as we pointed out in the paragraph above.

0
3

defini✷
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